Physical 
Since the proposal of holonomic quantum computation ͓1͔, research on quantum gates based on Abelian or nonAbelian geometric phases has attracted significant interest both experimentally and theoretically ͓2-10͔. It is believed that these quantum gates could be inherently robust against some local perturbations since the Abelian or non-Abelian geometric phases ͑holonomies͒ depend only on the geometry of the path executed. On the other hand, quantum information processing using Josephson-junction systems coupled through a microwave cavity has been paid particular attention recently ͓11-19͔.
In this paper, we propose a different scheme to achieve holonomic quantum computation using superconducting quantum interference devices ͑SQUIDs͒ in a cavity. Based on the non-Abelian holonomies, two noncommutating single-qubit gates and a two-qubit controlled-PHASE gate as well as a controlled-NOT gate are realized by tuning adiabatically the Rabi frequencies of classical microwave pulses coupled to the SQUIDs. The distinct advantages of the present scheme may be summarized as follows. ͑i͒ The energy spectrum of each SQUID qubit may be adjusted by changing the bias field; ͑ii͒ the strong-coupling limit g 2 ӷ ͑␥͒ may be easily realized, where g is the coupling coefficients between the SQUID qubit and the cavity field, the lifetime of the photon in the cavity, and ␥ the lifetime of the excited state of the SQUID qubit; ͑iii͒ the decoherence caused by the external environment can be significantly suppressed; ͑iv͒ the fidelity of these gates may be higher than 90% with the current technology.
We consider an rf SQUID with junction capacitance C and loop inductance L in a microwave cavity at a sufficiently low temperature such that the SQUID works in the quantum regime. The Hamiltonian of the rf SQUID can be written as ͓15,20͔
where E J is the maximum Josephson coupling energy, ⌽ x the external magnetic flux, and ⌽ 0 = h /2e the flux quantum. The conjugate variables of this system are the total charge Q and the magnetic flux ⌽ which satisfy
It is well known that in general the Hamiltonian of Eq. ͑1͒ is quite similar to that of a particle moving in a double well potential. By changing the device parameters C, L, and the control parameters E J , ⌽ x , one can control the structure of energy levels in the SQUID. Let us address a ͑3+1͒-type system with three lowest levels ͉͑a 0 ͘ , ͉a 1 ͘ , ͉g͒͘ and an excited level ͉͑e͒͘ in the SQUID ͑see Fig. 1͒ . In the system, the ͉g͘ ↔ ͉e͘ transition with energy-level difference eg is coupled to a one-mode cavity field with frequency c and the ͉a i ͘ ↔ ͉e͘ transition with the energy-level difference ei ͑i =0, 1͒ is coupled to the classical microwave pulse with the magnetic component as B i ͑r , t͒cos͑ 0 t͒ where i is the energy difference between the states ͉a i ͘ and ͉e͘ and B i can be adiabatically changed. We may ensure that the "three-photon resonance" condition, i.e.,
is satisfied. In the interaction picture, the Hamiltonian of the system can be written as FIG. 1. A schematic diagram of the energy level in the SQUID coupled to the single mode cavity field ͑with coupling constant g͒ and two microwave pulses ͑with coupling constants ⍀ 0 and ⍀ 1 ͒. The three-photon resonance condition is satisfied and ⌬ is the detuning.
͑4͒
where a͑a † ͒ is the photon annihilation ͑creation͒ operator of the cavity field. Here the coupling coefficients g can be written as
where 0 is the vacuum permeability, S the surface bounded by the SQUID ring, and B c ͑r͒ the magnetic component of the cavity field ͓15͔. The Rabi frequencies ⍀ i ͑t͒ ͑i =0, 1͒ are proportional to the matrix elements ͗a i ͉⌽͉e͘ ͓15͔. It is pointed out that the detuning ⌬ of the SQUID can be adjusted by changing the bias field. Regarding single-qubit operations, our scheme is similar to that proposed in Refs. ͓4,5͔. We choose the states ͉a 0 ͘ and ͉a 1 ͘ as the computational basis and ͉g͘ as an ancillary state. When ⍀ 0 = ⍀ 1 = 0, the states ͉a i ͉͘0͘ c ͑i =0, 1͒ span an eigenspace of the Hamiltonian ͑4͒ with zero eigenvalue, where ͉0͘ c is the vacuum state of the cavity field. If the cavity is cooled to zero temperature and the quantum gate operations are switched off, i.e., the Rabi frequencies of all the classical microwave pulses are set to zero, the state ␣͉a 0 ͘ + ␤͉a 1 ͘ of the qubit is isolated from the state of the cavity and does not change with time. When the Rabi frequencies ⍀ 0 and ⍀ 1 change adiabatically along a close path C in the parameter space M and return the point corresponding to ⍀ 0 = ⍀ 1 =0 ͑we refer to this point as O͒, an initial state
of the qubit-cavity composite system evolves according to the rule ͉⌿ 0 ͘ → U͑C͉͒⌿ 0 ͘ ͓5,21͔. Here,
is the non-Abelian holonomy associated with the path C and
where ͕ ͖ are the coordinates of the parameter space M and ͉D i ͑͒͘ ͑i =0, 1͒ the basis of the eigenspace of the Hamiltonian ͑4͒ with zero eigenvalue ͑hereafter we refer to the basis as dark states͒. Since the holonomy U͑C͒ is a unitary transformation in the space spanned by the states ͉a 0 ͉͘0͘ c and ͉a 1 ͉͘0͘ c , it can actually be considered as a unitary transformation that only acts on the qubit state which is the superposition of ͉a 0 ͘ and ͉a 1 ͘.
Without loss of generality, we assume that the coupling coefficient g is real and positive, and choose
where , ͓0, /2͒ and i ͓0,2͒ ͑i =0, 1͒. We take the angles , , 0 , and 1 as the coordinates of the parameter space M. The dark states of this invariant subspace spanned by the states ͕͉a i ͉͘0͘ c , ͉g͉͘1͘ c , ͉e͉͘0͘ c ͖ of the Hamiltonian ͑4͒ can be written as the vector functions in M:
We wish to point out that our choices of the coordinates and dark states are quite different from those in Refs. ͓4,5͔. Here, the dark states ͉D 0 ͘ and ͉D 1 ͘ are single valued at the point O͑ = =0͒, e.g.,
It is well known that any single-qubit gate operation can be decomposed into the product of rotations about axes z and y: R z ͑͒ = exp͑i z ͒ and R y ͑͒ = exp͑i y ͒, where is the angle, z and y are Pauli matrices defined as
Therefore we need only to show the realization of R z ͑͒ and R y ͑͒. To realize the gate R y ͑͒, we let the phases 0 = 1 = 0. The U ͑2͒ valued connections can be derived as
After an adiabatic evolution along a closed path C in the parameter space M, the related unitary transformation ͑ho-lonomy͒ is just the rotation about y axis U͑C͒ = exp͓i͑C͒ y ͔, where the angle
is dependent of the loop C. To achieve the gate R z ͑͒, we can set 0 = =0 ͑i.e., ⍀ 0 =0͒ and change and 1 adiabatically. In this case, the nonzero connection is
As a result, the holonomy associated with a close path C can be written as
where
It is easy to see that U͑C͒ is just a rotation about the z axis up to a global phase. We now illustrate how to realize the controlled-PHASE gate as well as the controlled-NOT gate via the non-Abelian holonomy in the present system of SQUID qubits, which is the main result of the present paper. At this stage, we con-sider the ͑3+1͒-type energy-level structure of two rf SQUIDs in a microwave cavity. We assume that the ͉e͘ ↔ ͉g͘ transition of each SQUID is coupled to the single mode cavity field. Also, we set the level spacing ei between the states ͉͑e͘, ͉a i ͘, i =0, 1͒ to be different. The transitions ͉e͘ ↔ ͉a 0 ͘ ͑or ͉a 1 ͒͘ in both SQUIDs are coupled to two distinguishable classical microwave pulses with different frequencies ͓15͔ and the three-photon resonance condition of each SQUID is set to be satisfied. The Hamiltonian of such SQUIDs in a microwave cavity may be written as
is the detuning of the lth SQUID and ⍀ i ͑l͒ is the Rabi frequency of the microwave pulse coupled to the transition ͉e͘ l ↔ ͉a i ͘ l of the lth SQUID.
We still choose the states ͉a i ͘ l i = 0, 1 as the computational basis of the lth qubit. The two SQUIDs are coupled indirectly via the single mode cavity field. As in the previous discussions for the single-qubit gate case, it is seen that when all of the Rabi frequencies ⍀ i ͑l͒ of the classical microwave pulses are set to zero and the cavity is cooled to zero temperature, the two-qubit state, which can be written in terms of ͉a i ͘ 1 ͉a j ͘ 2 , is isolated from the state of the cavity and does not change with time. In the following, we show that the holonomy, associated with the adiabatic evolution of ⍀ i ͑l͒ along a closed path C starting from the point ⍀ i ͑l͒ =0 ͑we also refer to this point as O in the parameter space M, can be used to achieve a controlled-PHASE gate or a controlled-NOT gate of the two qubits.
We first choose
, and take ͑l͒ , 0 ͑l͒ , ͑l͒ , and 1 ͑l͒ as the independent coordinates in the parameter space M. To realize the controlled-PHASE gate, we set ͑l͒ = 1 ͑l͒ = 0 ͑1͒ = 0. This means that we set the Rabi frequencies ⍀ 1 ͑1͒ and ⍀ 1 ͑2͒ to zero and only change ⍀ 0 ͑1͒ and ⍀ 0 ͑2͒ adiabatically. It is found that the subspace spanned by the states
is an invariance subspace ͑we call it as the subspace I͒ of the Hamiltonian ͑16͒. After some tedious derivations, the dark states, i.e., the basis of the eigenspace of Hamiltonian ͑16͒ with zero eigenvalue, can be obtained as
It is obvious that at the point O where ͑1͒ = ͑2͒ = 0, the above dark states are single valued: ͉D ij ͑O͒͘ = ͉a i ͘ 1 ͉a j ͘ 2 ͉0͘ c for i, j = 0, 1. The nonzero elements of U ͑4͒-valued connections are just
When the system evolves adiabatically along a closed path C in the parameter space M and returns to the point O, the associated holonomy can be written as
Here, the angles ͑C͒ and ͑C͒ are defined as
In the above expression of U͑C͒, ͉a 0 ͘ 2 ͗a 0 ͉ is the projection operator of the second qubit to the state ͉a 0 ͘ 2 . It is easy to see that the holonomy U͑C͒ is the production of a controlled-PHASE gate operation and a single-qubit rotation about the z axis operated on the second qubit. When ͑C͒ 0, U͑C͒ is a nontrivial two-qubit operation. If we choose the path C satisfying ͑C͒ = 0, we can obtain an explicit controlled-PHASE gate via the holonomy
Moreover, we may also realize the controlled-NOT by setting ͑1͒ = 0 ͑j͒ = 1 ͑j͒ = 0 and choose ͑2͒ , ͑1͒ , and ͑2͒ as the control parameters. In this case, the dark states can also be obtained with some straightforward derivations, but have quite complicated forms ͑not presented here͒. Our main result is that, when
the holonomy associated with a closed path can be expressed as
is just the controlled-NOT operation. Here, I ͑2͒ is the identity operator of the second qubit and the angle ͑C͒ is defined as
where ⌳ 00 is defined as before and the other coefficients are defined as
and ␤ = ͱ 1+␣ 2 . Therefore, up to a global phase factor, U͑C͒ is just the product of control not operation and some singlequbit rotations.
In most cases, the Hamiltonian ͑16͒ has a fourdimensional eigenspace with zero eigenvalue in the invariant subspace I. The basis of the eigenspace are just the dark states ͉D ij ͘. Nevertheless, it is pointed out that, in some very special cases, there may be accidental degeneracy in a submanifold ͑we call it the AD submanifold͒ of the parameter space M. In the AD submanifold, in addition to the dark states ͉D ij ͘, the Hamiltonian has another two eigenstates with zero eigenvalue and thus the dimension of the Hamiltonian's eigenspace with zero eigenvalue is 6 rather than 4. It is apparent that if the path of the adiabatic evolution of the Rabi frequencies cross the AD manifold, there might be a transition from the four dark states ͉D ij ͘ to the two external states. To avoid this kind of unwanted transition, we should control the evolution path of the Rabi frequencies in the parameter space M be far away enough from the AD submanifold. On the other hand, since the evolution of the Rabi frequencies in M is assumed to begin and end at the same point O where all the Rabi frequencies are set to zero, the accidental degeneracy at O should be avoided. This can be implemented by adjusting the coupling strength g ͑l͒ via controlling the position of the SQUIDs in the cavity, or the detuning ⌬ ͑l͒ of each SQUID via changing the bias fields. For instance, if the conditions
are satisfied, the accidental degeneracy at point O can be avoided.
Since the dark states have a nonzero projection to the single or two photon states, the photon dissipation caused by the imperfection would tend to destroy the dark states. To evaluate the influence of the photon dissipation, the Schroedinger equation controlled by the effective Hamiltonian
needs to be solved. Here, H͑t͒ is the Hamiltonian defined in Eq. ͑16͒ ͓or Eq. ͑4͔͒, and p the photon decay rate. The dissipation term −i͑ p /2͒a † a can be considered as a perturbation. As a result of the first-order perturbation theory, the fidelity of the quantum gate operation, i.e., the probability of the ideal finial state, may be expressed as
where T is the operation time and ͗n͘ ph = ͗⌿͑t͉͒a † a͉⌿͑t͒͘ is the instantaneous expectation value of photon number. Therefore the condition under which the influence of photon dissipation can be neglected is simply
On the other hand, since our scheme is based on the adiabatic evolution of the quantum states, the adiabatic condition should be satisfied, which can be expressed as ⍀ T ӷ 1, where ⍀ is the energy gap between the dark state and other eigenstates of the Hamiltonian ͓5͔. Here, ⍀ has the same order of amplitude as the SQUID-cavity coupling constant g. In practical quantum gate operations, we always have T ϳ 10 3 g −1 . Then the condition ͑35͒ can be satisfied when g / p տ 10 4 . The coupling constant of the SQUID and the cavity available at present is g ϳ 1.8ϫ 10 8 s −1 ͓15͔. The high quality factor of the cavity Q =10 6 -10 8 might be achieved experimentally ͓22͔. This will lead to p ͐ 0 T ͗n͘ ph dt Շ 10 −2 and thus the fidelity F Ӎ 1. Now let us look in some detail into a typical controlled-PHASE gate operation discussed before. In this operation, we assume g ͑1͒ =2g ͑2͒ = g = 1.8ϫ 10 8 s −1 and ⌬ ͑1͒ = ⌬ ͑2͒ = 0. The amplitudes of the Rabi frequencies ⍀ 0 ͑1͒ and ⍀ 0 ͑2͒ are varied following the Gaussian functions of time: 
ͪͬ. ͑37͒
As in the above discussions, the controlled gate operation can be written as a unitary transformation
where Ϸ / 6 and Ϸ 4. The operation time of this gate is about 8 ϫ 10 2 g −1 . We estimate the fidelity of this operation using Eq. ͑34͒. In Fig. 2 , the fidelity of the quantum gate operation with four possible initial states are plotted as a function of the ratio g / p . It is seen that when g / p ϳ 10 3 -10 4 , the fidelity is larger than 90%. In particular, whenever g / p ϳ 10 5 , the fidelity is improved to reach 99%. As we have shown, during the adiabatic evolution discussed above, the SQUID is in the state ͉a 1 ͘ , ͉a 0 ͘, and ͉g͘. Since the corresponding three energy levels are the lowest three, we neglected the dissipation of the state. In practical cases, the lifetimes of the two substrates ͉a 1 ͘ and ͉a 0 ͘ are always much longer than the operation time and can be regarded to be infinite. The decay of the state ͉g͘ may influence our scheme. We estimate this influence using the same method as that used to estimate the influence of the photonic decay. Thus the formula ͑34͒ should be rewritten as
where g is the decay rate of state ͉g͘ ͑for simplicity we assume that the g s of the two SQUIDs are identical͒ and ͗n͘ g = ͗⌿͑t͉͓͉͒g͘ ͑1͒ ͗g͉ + ͉g͘ ͑2͒ ͗g͉͔͉⌿͑t͒͘ ͑40͒
is the probability that the SQUIDs are in the state ͉g͘. It is straightforward to show that ͗n͘ g = ͗n͘ ph . The fidelity of the quantum logical gate can be expressed as
Therefore to analyze the influence of the dissipation of state ͉g͘, we can replace p by p + g in the last two paragraphs. Finally, it is pointed out that if the decay rate p is too large, we can change the device parameters so that the effective potential in Eq. ͑1͒ is of a triple well, rather than a double well ͓23͔. In this case we can treat each of the three lowest levels to be localized in one well. The lifetimes of these three states are always sufficiently long.
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